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Abstract

The seal characteristic is an important factor affecting the performance of the rotor system. The
nonlinear model of the rotor–seal system is established using Muszynska’s nonlinear seal forces. An
efficient and high-precision direct integration scheme is presented based on the 2N type algorithm for the
computation of exponential matrices. The nonlinear phenomena in the unbalanced rotor–seal system are
investigated using the adopted model and numerical integration method. The influence of the seal on the
nonlinear characteristics of the rotor system is analyzed by the bifurcation diagrams and Poincaré maps.
Various nonlinear phenomena in the rotor–seal system, such as periodic motion, double-periodic motion,
quasi-periodic motion and Hopf bifurcation are investigated and the stability is judged by Floquet theory
and bifurcation theorem. The influence of parameters on the critical instability speed of the balanced
rotor–seal system is also included. The high-precision direct integration method is effectively applied to the
nonlinear numerical analysis of the rotor–seal system. The scheme has high precision and a large time step
may be adopted to save computing resources.
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Nomenclature

md mass of the disk
Cd damping coefficient of shaft at disk
Kd stiffness of shaft at disk
e mass eccentricity of the disk
2 eccentricity ratio of shaft at disk
o angular speed of the rotor
oc critical instability speed of the rotor
s nondimensional angular speed

ð¼ o=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Kd=m

p
Þ

t time
t̄ dimensionless time ð¼ otÞ
t time step
ð
:
Þ derivative with respect to t

(0) derivative with respect to t̄
g gravity acceleration
x radial clearance of the seal
g ratio of fluid circumferential average

velocity to o
Ks stiffness of the seal
Cs damping of the seal
ms inertia of the seal
Rs radius of the seal

Z fluid dynamic coefficient
z loss coefficient at the inlet
DP reduction of the pressure of seal
l length of the seal
v axial fluid velocity
f factor of friction
s gradient coefficient of loss of friction
Ra Reynolds number of the axial flow
Rv Reynolds number of the circumfer-

ential flow
l Floquet multiplier
n0;m0 empirical coefficients [2,3]
n1 exponent (0.5–3)[2,3,19]
n2 exponent (0–1.0)
x; y displacements of the shaft centre
X ;Y nondimensional displacements

ð¼ x=x; y=xÞ
X 0;Y 0 nondimensional velocities

Subscripts

d disk
s seal
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1. Introduction

The performances of the rotor system are significantly influenced by the characteristics of the
seal. It is imperative to understand the nonlinear behavior of the rotor–seal interaction in the
design of the system. The seal forces, in many occasions, have caused damages to rotor–seal
system though the values are less than the fluid film forces of the bearing [1]. With the increase in
the rotating speed, medium pressure, the rotor flexibility and the decrease in the seal clearance,
steam-excited problems become more crucial in system design. Research on the mechanism of
fluid–solid interaction and the control of the steam-excited vibration in rotor–seal system has
become one of the key issues for modern turbo-machinery design.

The dynamic coefficients of various seals have been extensively studied by linearizing the seal
fluid forces around the equilibrium position of the rotor [2–5]. The determination of the dynamic
coefficients of various seals was also investigated via experimental approaches [6–10]. The
influences of the seal on the stability are carried out by experimental results and compared with
theoretical values [11,12]. Marquette and Childs [13] adopted the extended three-control-volume
model to study the dynamic characteristics of circumferentially grooved liquid seals. Research
works are limited mainly to the calculation of the linear dynamic coefficients and the evaluation of
stability. However, the nonlinear nature of the seal forces has to be considered when the
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mechanism of the stability is explored. Noah and Sundararajan [14] discussed the limitations of
the currently practiced linearized analysis and the significance of considering nonlinear effects in
predicting the dynamic behavior of the rotating system. Compared to linear analysis, the
nonlinear analysis of the rotor–seal system is still rare due to the difficulties in obtaining the
analytical nonlinear model of seal fluid forces from the complicated fluid dynamics. To overcome
this difficulty, a simple model of nonlinear fluid dynamic forces generated in the seal based on the
results of a series of experiments, was proposed by Muszynska [15–18]. Subharmonic mechanism
and the influence of unbalance for a single disk rotor–seal system are analyzed using Muszynska
seal forces [19]. The nonlinear dynamic behavior of a rigid rotor supported on plain journal
bearings was studied and the experimental confirmation of the theoretical results is later sought
[20]. Ding et al. [21] investigated the Hopf bifurcation behavior of a symmetric rotor–seal system
using Muszynska’s seal force model. In the analysis, the instability from certain critical
equilibrium positions for a perfectly balanced system is proved to be the result of Hopf bifurcation
and only the supercritical type is found for a specific rotor system using Poore’s algebraic criteria.
The nonlinear dynamic phenomena and the bifurcation characteristics of the unbalanced
rotor–seal system using Muszynska seal force model were also investigated by Hua et al. [22,23].

Constructing a suitable rotating seal model and selecting a suitable numerical scheme are critical
to the success and efficiency of the solution process for this highly nonlinear dynamic system. The
common disadvantages of some general numerical methods to solve nonlinear structural dynamic
equations are their sensitivity to time step and low precision. The precise integration method
proposed by Zhong [24,25] can be used to solve this class of nonlinear equations with high precision.
The scheme permits larger size of time step compared to other existing methods and hence generally
lower computational efforts [23]. In this paper, the nonlinear dynamic characteristics of rotor–seal
system are studied using Muszynska seal force model. In order to improve the computing efficiency
and the precision of the solutions, the precise direct integration method is adopted in the time-
marching algorithm. The influence of the seal characteristics on the nonlinear phenomena of the
rotor system and the stability of periodic solution are investigated using Floquet theory and
bifurcation theorem. The bifurcation diagrams and Poincaré maps are presented to illustrate the
variation of periodic motion of the system. Several nonlinear motions in the system such as periodic
motion, double-periodic motion, quasi-periodic motion, Hopf bifurcation and jump phenomenon
are demonstrated in more details through numerical studies.
2. Unbalanced rotor–seal system

The equations governing the motion of the single disk rotor–seal system shown in Fig. 1 are
expressed as

md 0

0 md

" #
€x

€y

( )
þ

Cd 0

0 Cd

" #
_x

_y

( )
þ

Kd 0

0 Kd

" #
x

y

( )

¼
Fx

Fy

( )
þ

0

�mdg

( )
þ mdeo2

cos ot

sin ot

( )
; ð1Þ
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Fig. 1. Rotor–seal system.
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where md is the mass of disk, Cd the damping coefficient of the shaft at disk, Kd the stiffness of the
shaft at disk, x; y the displacements of the shaft center, g the gravity acceleration, e the mass
eccentricity of the disk, o the angular speed of the rotor, t the time and ð

�
Þ representing derivative

with respect to t:
The expressions for the Muszynska seal forces, Fx and Fy; acting on the disk and various

parameters influencing the forces and motion are given in Appendix A.
Introducing the following nondimensional transform:

X ¼ x=x; Y ¼ y=x; t̄ ¼ ot; (2a2c)

_x ¼ oxX 0; €x ¼ o2xX 00; (2d,e)

_y ¼ oxY 0; €y ¼ o2xY 00; (2f,g)

where x is the radial clearance of the seal.
Substituting the expressions for the Muszynska seal forces in Eq. (1) in view of Eqs. (2a)–(2g)

leads to the following set of governing equations:

1 0

0 1

� �
X 00

Y 00

	 

þ

C1 C2

�C2 C1

� �
X 0

Y 0

	 

þ

K1 K2

�K2 K1

� �
X

Y

	 

¼

0

G

	 

þ r2 cos t

sin t

	 

; (3)

in which

K1 ¼
Kd þ Ks � g2o2ms

mo2
; K2 ¼

gCs

mo
; (4a,b)

C1 ¼
Cd þ Cs

mo
; C2 ¼

2gms

m
; (5a,b)
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G ¼ �mdg=ðmo2xÞ; m ¼ md þ ms; (6a,b)

r2 ¼ mdr=mx: (7)

Expressions for parameters, Ks; ms; Cs and g are included in Appendix A.
The unbalanced rotor–seal system is nonautonomous. When the values of the system

parameters vary, the double-periodic motion and quasi-periodic motion may be excited by the
imbalance of the rotor while the periodic motion will lose its stability.

The high-precision direct integration method is adopted to determine the periodic motion while
the Floquet transition matrix method for its stability.

As rotor speed varies, three types of instability may occur [26,27]:
(1)
 If the leading multiplier crosses the unit circle at (–1,0), the periodic motion becomes unstable
and a double-periodic motion develops.
(2)
 If the leading multiplier crosses the unit circle at (1,0), a saddle-node type instability occurs
and the usual jump in the response curve manifested.
(3)
 The unit circle is crossed at a pair of complex-conjugate multipliers. The periodic motion
becomes unstable and bifurcates into a quasi-periodic motion having two irrational
fundamental frequencies.
If the mass eccentricity of the disk, e; vanishes, the rotor is well balanced and the system is
autonomous. As the system parameters vary, the Hopf bifurcation may occur resulting in the
periodic motion. The stability of the equilibrium position can be determined by calculating the
eigenvalues of the Jacobean matrix of the state equation at the equilibrium position. If all the real
parts of the eigenvalues are negative, the equilibrium point is stable. If any one of the real parts is
positive, the equilibrium point is unstable [26].
3. High-precision direct time integration

The structural dynamic equations can be written as

M €xþ C _xþ Kx ¼ fðt; x; _xÞ (8)

with the following initial conditions:

xðt0Þ ¼ x0; _xðt0Þ ¼ _x0: (9a,b)

Introducing p ¼M _xþ Cx=2; Eq. (8) becomes

_U ¼ HUþ q; Uð0Þ ¼ U0; (10a,b)

where

U ¼
x

p

	 

; q ¼

0

f

	 
T

; H ¼
�1

2
M�1C M�1

1
4
CM�1C� K �1

2
CM�1

" #
: (11a2c)
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The general solutions of the homogeneous equations _U ¼ HU can be expressed as

U ¼ expðHtÞU0: (12)

Then

UðtÞ ¼ expðHtÞU0 ¼ TU0: (13)

The derivation of transformation matrix T is given in Appendix B.
The non-homogeneous term, q; in Eqs. (10a), is assumed to be linear in each time step ðtk; tkþ1Þ;

and hence

_U ¼ HUþ q0 þ q1ðt � tkÞ; (14)

q0 ¼ qðUk�1; tk�1Þ; q1 ¼
d

dt
qðUk�1; tk�1Þ: (15a,b)

Note that at time t ¼ tk; U ¼ Uk and Uk can be evaluated from

Uk ¼ TUk�1 þ TH
�1ðq0 þH

�1q1Þ �H
�1ðU0 þH

�1q1 þ q1tÞ: (16)

The following recursion is adopted to improve further the precision of the results:

Uk ¼ Tðtk � tk�1ÞUk�1 þ f k�1

tk � tk�1

2

XN

j¼1

AðtjÞTðtjÞ; (17)

where A; tj are the weighting and location of the time-integration point of Gauss quadrature,
respectively [23].

Consider the following simple example:

2 0

0 1

� �
€x

€y

	 

þ

6 �2

�2 4

� �
x

y

	 

¼

0

10

	 

(18)

with the following initial conditions:

xð0Þ ¼ yð0Þ ¼ 0; _xð0Þ ¼ _yð0Þ ¼ 0: (19)

Its theoretical solutions are

x

y

	 

¼

1

3

1
ffiffiffi
2

p �
2

1 �
ffiffiffi
2

p

" #
5ð1 � cos

ffiffiffi
2

p
tÞ

2
ffiffiffi
2

p
ð�1 þ cos

ffiffiffi
5

p
tÞ

" #
: (20)

The parameters adopted in Newmark time-marching scheme are a ¼ 0:25 and b ¼ 0:5 while
y ¼ 1:4 is used for Wilson-y method. The values of x at various time steps obtained from three
time-marching schemes are presented in Table 1. It is observed that results obtained from the high
precision direct time integration agree well with theoretical solutions. For the same size of time
step, the high precision direct time-integration method produces results with higher accuracy than
these obtained from the other two time-marching schemes, namely, Wilson-y method and
Newmark time-marching scheme. A similar conclusion can also be obtained for y:

Zhong [24] discussed the accuracy of the precise integration method and pointed out that
the numerical results of the precise integration scheme are actually those of precise solution for
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Table 1

Comparison of results of x from various time-marching schemes

Time (s) Wilson y Newmark Present study Theoretical solution

0.280 0.006 0.0067 0.002514 0.002515

0.840 0.196 0.189 0.175594 0.175595

1.12 0.49 0.485 0.486026 0.486026

1.68 1.54 1.58 1.656964 1.656965

1.96 2.16 2.23 2.338202 2.338202

2.24 2.67 2.76 2.860814 2.860814

2.52 2.92 3.00 3.051708 3.051709

2.8 2.82 2.85 2.805723 2.805723

3.08 2.33 2.28 2.130584 2.130584

3.36 1.54 1.40 1.157226 1.157226

Table 2

Parameters and values used in numerical studies

Case n g b n0 m0 z d (m) e (m)

1 2.0 0.3 0.5 0.079 0.25 0.1 0.0025 0.0002

2 2.2 0.4 0.3 0.079 0.25 0.1 0.0025 0.0002
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time-invariant system. Lin [25] obtained accurate responses to each harmonic component even for
very large time steps using the high-precision direct time-integration scheme.
4. Numerical results and discussions

A computer program based on the proposed approach was developed to evaluate the dynamic
responses of the rotor–seal system. The bifurcation diagrams are presented to show the variation
course of the motion of the system. The diagram is constructed by presenting the dimensionless
displacement on Poincaré section, X ; at various nondimensional angular speed, s ¼ o=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Kd=m

p
:

4.1. Case 1

The values of the parameters adopted for case 1 are tabulated in Table 2. The bifurcation
diagram of the rotor center is established and the results are shown in Fig. 2. It can be observed
that the response of the system varies with the dimensionless angular speed s: The system
possesses the periodic motion from the beginning. The periodic motion with the leading Floquet
multiplier whose modulus is less than one is stable. Then at a speed of s ¼ 0:9; the leading Floquet
multiplier l1 ¼ 1:0741 crosses the unit circle at (1,0) and the jump phenomenon of the response
occurs indicating that the system becomes unstable and hence sensitive to the rotating speed in the
neighborhood of this speed (Fig. 2).

Increasing the rotating speed sequentially, a synchronous stable periodic motion reappears with
the leading Floquet multiplier whose modulus is less than one. Fig. 3 depicts the stable periodic
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Fig. 2. Bifurcation diagram of rotor center for case 1.
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Fig. 3. Periodic motion for case 1 at s ¼ 1:5: (a) orbit of rotor center, (b) Poincaré map.
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motion with the Floquet multipliers of l ¼ ð�0:3439 þ 0:7011i;�0:3439 � 0:7011i;�0:0012 þ

0:0084i;�0:0012 � 0:0084iÞ at s ¼ 1:5: At s ¼ 3:07; there is a leading Floquet multiplier l1 ¼

�1:000 whose modulus is equal to one, viz. the critical point at which the periodic motion loses its
stability and bifurcate into double-periodic motion. As the speed is increased to s ¼ 3:11; Fig. 4
shows the appearance of the double periodic with the Floquet multipliers of l ¼

ð�1:04936;�0:06868 þ 0:00631i;�0:06868 � 0:00631i;�0:91485Þ and the leading Floquet multi-
plier passing through the unit circle at point (–1,0). There exist two isolated points on Poincaré
map corresponding to the double-periodic bifurcation. This implies that the half frequency whirl
of the rotor–seal system will occur in the vicinity of this speed. As s exceeds 3.4, quasi-periodic
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Fig. 4. Double periodic motion for case 1 at s ¼ 3:11: (a) orbit of rotor center, (b) Poincaré map.
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Fig. 5. Quasi-periodic motion for case 1 at s43:4: (a) orbit of rotor center, (b) Poincaré map.
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motion appears and a close curve is observed on Poincaré map as shown in Fig. 5. The 1
4

and 1
5

subharmonic motions at s ¼ 4:0 and 5.0, respectively, are illustrated in Figs. 6 and 7. As the
rotating speed increases further, more complex motions are expected.

4.2. Case 2

Values of the parameters adopted for case 2 are also given in Table 2. The bifurcation diagram
of the system is shown in Fig. 8(a) while details for s varying from 2.6 to 3.0 are magnified and
illustrated in Fig. 8(b). Fig. 9(a) shows the orbit of triple-periodic motion while three isolated
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Fig. 6. 1/4 subharmonic motion for case 1 at s ¼ 4:0: (a) orbit of rotor center, (b) Poincaré map.
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Fig. 7. 1/5 subharmonic motion for case 1 at s ¼ 5:0: (a) orbit of rotor center, (b) Poincaré map.
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points on Poincaré map are depicted in Fig. 9(b). The appearance of a triple-periodic motion
implies that chaos exists theoretically in the vicinity of s ¼ 3:0: Rigorous study on chaotic motion
can be made by Lyapunov exponents or by power spectra of time series of the system responses.
An attractor for a dissipative system with one or more positive Lyapunov exponents is said to be
strange or chaotic [28].

Fig. 10 shows the bifurcation diagram of the system with an increase in the unbalanced value
from e ¼ 0:0002 to 0.0003 m while the other parameters are kept unchanged. Comparison between
Figs. 8(a) and 10 reveals that the instability speed of the latter is higher than that of the former.
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Fig. 8. Bifurcation diagram of rotor center for case 2: (a) bifurcation, (b) zoom of (a) at s ¼ 2:6 � 3:0:
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Fig. 9. 1/3 subharmonic motion for case 2 at s ¼ 3:0: (a) orbit of rotor center, (b) Poincaré map.
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This indicates that proper setup unbalance values may improve the stability of the rotor–seal
system. Fig. 11 shows the 1

8
subharmonic motion occurs at s ¼ 4:5:
4.3. Case 3

The values of the parameters used in this case are the same as those in case 1 with the exception
that the value of e vanishes resulting in the balanced rotor–seal system.
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Fig. 10. Bifurcation diagram of rotor center for e ¼ 0:0003 m:
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Fig. 11. 1/8 subharmonic motion for e ¼ 0:0003 m at s ¼ 4:5: (a) orbit of rotor center, (b) Poincaré map.
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At the speed of o ¼ 283:8 rad=s; the equilibrium point of the system is (0.03561, –0.18967) and
the eigenvalues of the Jacobean matrix are (–0.03895+0.49446i, –0.03895 –0.49446i,
–0.13441+0.46078i, –0.13441–0.46078i). Since all the real parts are negative, the equilibrium
point is stable. The orbit of the rotor center is given in Fig. 12 including the transient course and it
can be seen that the equilibrium position is asymptotically stable.

As the angular speed, o; increases to 505.8 rad/s, the eigenvalues of the Jacobean matrix
become (0.0000+0.27290i, 0.0000–0.27290i, –0.07492+0.27065i,–0.07492–0.27065i). Since the
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Fig. 13. Orbit the rotor center at o ¼ 520:1 rad=s for case 3.
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Fig. 12. Orbit the rotor center at o ¼ 283:84 rad=s for case 3.
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Jacobean matrix has two nonzero, purely imaginary eigenvalues, the Hopf bifurcation occurs. At
the speed of o ¼ 520:1 rad=s; the Jacobean matrix has a pair of complex-conjugate eigenvalues
with positive real parts, viz. the equilibrium point loses its stability. The orbit of the rotor center
as given in Fig. 13 shows that the orbit finally approaches a limit cycle. This type of instability is
normally referred to as the oil whirl and the speed which causes this phenomenon is defined as the
threshold speed.

The influences of the values of the parameters on the critical instability speed oc can also be
analyzed. Figs. 14–16 demonstrated that the values of oc decrease gradually as these of md ; g0; or
n1 increase. However, oc varies directly with x as demonstrated in Fig. 17.
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Fig. 14. Relationship between critical instability speed, oc; and mass of disk, md ; for case 3.
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Fig. 15. Relationship between critical instability speed, oc; and the coefficient, g0; for case 3.
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5. Conclusions

The nonlinear model of rotor–seal system is established using Muszynska seal forces. An
efficient and high-precision direct integration scheme is adopted to investigate the nonlinear
behavior of the unbalanced rotor–seal system. The bifurcation diagrams and Poincaré maps are
presented to depict the influence of the seal on the nonlinear characteristics of the rotor system
while the stability of the periodic motion are determined by Floquet multiplier. Several possible
complex motions in the rotor–seal system including periodic motion, double-periodic motion,
quasi-periodic motion and Hopf bifurcation are illustrated through several numerical examples.
The balanced case is also provided and the influence of parameters on the critical instability speed
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Fig. 16. Relationship between critical instability speed, oc; and exponent, n1; for case 3.
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Fig. 17. Relationship between critical instability speed, oc; and radial clearance, x; for case 3.
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is described. The study also demonstrates that the proposed high-precision direct integration
method can be effectively applied to the nonlinear numerical analysis of rotor–seal system with
higher order of accuracy and less computational effort.

Appendix A. Muszynska seal forces

Based on a series of experimental results, Muszynska [15–18] proposed the following
expressions for seal fluid dynamic forces:

Fx

Fy

	 

¼ �

Ks � msg2o2 goCs

�goCs Ks � msg2o2

" #
x

y

	 

�

Cs 2msgo

�2msgo Cs

� �
_x

_y

	 

�

ms 0

0 ms

� �
_x

_y

	 

;

(A.1)
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where

g ¼ g0ð1� 2 Þ
n2 ; 0on2o1; g0o0:5; (A.2)

Ks ¼ K0ð1 � 22Þ
�n1 ; Cs ¼ C0ð1 � 22Þ

�n1 ; (A.3)

2¼ ðx2 þ y2Þ
1=2=x; K0 ¼ m3m0; (A.4)

C0 ¼ m1m3L; ms ¼ m2m3L
2; (A.5)

m0 ¼
2s2

1 þ xþ 2s
Eð1 � m0Þ; m1 ¼

2s2

1 þ xþ 2s
E

s
þ

B

2
1
6
þ E


 �� �
; (A.6)

m2 ¼
sð1

6
þ EÞ

1 þ zþ 2s
; m3 ¼

pRsDP

f
; (A.7)

L ¼
l

n
; s ¼

lf

x
; (A.8)

f ¼ n0Rm0
a ½1 þ ðRn=RaÞ

2
�ð1þm0Þ=2; B ¼ 2 �

ðRn=RaÞ
2
� m0

ðRn=RaÞ
2
þ 1

; (A.9)

E ¼
1 þ z

2ð1 þ zþ 2sÞ
; Ra ¼

2nx
Z

; (A.10)

Rn ¼
Rsox
Z

: (A.11)

Note that g; Ks; Cs are nonlinear functions of x and y:
Appendix B. Evaluation of matrix T
The evaluation of transformation matrix, T; is given in Ref. [24] as follows:

T ¼ expðHtÞ ¼ ½expðHt=N̄Þ�N̄ : (B.1)

Selecting N̄ ¼ 2N (if N ¼ 20; N̄ ¼ 1; 048; 576) and hence Dt ¼ t=N̄ is very small,

expðHDtÞ � IþHDt þ ðHDtÞ2=2 þ ðHDtÞ3=3!þ ðHDtÞ4=4! ¼ Iþ Ta; (B.2)

where

Ta ¼ HDt þ ðHDtÞ2½Iþ ðHDtÞ=3 þ ðHDtÞ2=12�=2: (B.3)

Then

T ¼ ðIþ TaÞ
2N

: (B.4)
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Note that I is the identity matrix and Ta is small in magnitude. In order to mitigate the
possibility of the loss of numerical precision, the following expression is adopted in the computing
implementation:

T ¼ ðIþ TaÞ
2N

¼ ðIþ TaÞ
2N�1

ðIþ TaÞ
2N�1

: (B.5)
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